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Abstract: Let Y be a Banach space over a field ¥. A G-flow is a graph 
G embedded in a topological space .Y associated with an injective mappings 
L:u” > L(u”’) € ¥ such that L(u?) = —L(v") for V(u,v) € X (2) holding 


with conservation laws 


S- L(v") =0 for wev(@), 


ueNa(v) 


where u” denotes the semi-arc of (u,v) € X (2), which is a mathematical 
object for things embedded in a topological space. The main purpose of this 
paper is to extend Banach spaces on topological graphs with operator actions 
and show all of these extensions are also Banach space with a bijection with 
a bijection between linear continuous functionals and elements, which enables 
one to solve linear functional equations in such extended space, particularly, 
solve algebraic, differential or integral equations on a topological graph, find 
multi-space solutions on equations, for instance, the Einstein’s gravitational 
equations. A few well-known results in classical mathematics are generalized 
such as those of the fundamental theorem in algebra, Hilbert and Schmidt’s 
result on integral equations, and the stability of such G-flow solutions with 


applications to ecologically industrial systems are also discussed in this paper. 
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§1. Introduction 


Let V be a Banach space over a field ¥. All graphs G, denoted by (VG: KG) 


considered in this paper are strong-connected without loops. A topological graph G 
is an embedding of an oriented graph Gina topological space @. All elements in 
V(G) or X (G) are respectively called vertices or arcs of G. 

An arc e = (u,v) € X(G) can be divided into 2 semi-arcs, i.e., initial semi-arc 


u” and end semi-arc vu", such as those shown in Fig.1 following. 


Fig.1 

All these semi-arcs of a topological graph G are denoted by X 1 (Z). 

A vector labeling Fe ka on G isal—1 mapping L : G = Y such that L: u® > 
L(u’) € V for Vu? € X1 (2), such as those shown in Fig.1. For all labelings G: 

= 2 
on G, define 
Chee ag eae <0" 
Then, all these vector labelings on rel naturally form a vector space. Particularly, 
a G-flow on G is such a labeling LD: u? > VY for Vu? € X1 (¢) hold with 
L(u’) = —L(v") and conservation laws 
S> Lv") =0 
ueNa(v) 


for Vu € VG): where O is the zero-vector in Y. For example, a conservation law 
for vertex v in Fig.2 is —L(v™) — L(v™) — Liv) + L(v™) + Liv) + Lvs) = 0. 


Fig.2 


Clearly, if VY = Zand @ = {1}, then the G-flow rele is nothing else but the network 
flow XG) + Zon G. 
=L a=, => L2 


Lett G ,G ,G be G-flows on a topological graph G and €€F¥ a scalar. 


It is clear that (bas + G and € - Gr are also G-flows, which implies that all 
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conservation G-flows on G also form a linear space over F with unit red under 
operations + and -, denoted by a”. where em is such a G-flow with vector 0 on 
u® for (u,v) € X (2), denoted by O if G is clear by the paragraph.. 

The flow representation for graphs are first discussed in [5], and then applied to 
differential operators in [6], which has shown its important role both in mathematics 
and applied sciences. It should be noted that a conservation law naturally deter- 
mines an autonomous systems in the world. We can also find G-flows by solving 


conservation equations 


es E(v")=0, vev(@). 


ue Ng(v) 


Such a system of equations is non-solvable in general, only with G-flow solutions 
such as those discussions in references [10]-[19]. Thus we can also introduce G-flows 
by Smarandache multi-system ([{21]-[22]). In fact, for any integer m > 1 let (5; R) 
be a Smarandache multi-system consisting of m mathematical systems (41; 71), 
(Xo; Re), +++, (Umj Rm), different two by two. A topological structure G” Es R| on 


(5; R) is inherited by 
V G |=; R] ) =e Oss eee oS 
E Ge |=; R] ) = {(D;,D;) |S: (E; 40, 1 <i #7 <m} with labeling 


for integers 1 <i #7 < m, ie., a topological vertex-edge labeled graph. Clearly, 
G |=; R| is a G-flow if ui ()X; = v € ¥ for integers 1 < i,j <m. 

The main purpose of this paper is to establish the theoretical foundation, i.e., 
extending Banach spaces, particularly, Hilbert spaces on topological graphs with 
operator actions and show all of these extensions are also Banach space with a 
bijection between linear continuous functionals and elements, which enables one to 
solve linear functional equations in such extended space, particularly, solve algebraic 
or differential equations on a topological graph, i.e., find multi-space solutions for 
equations, such as those of algebraic equations, the Einstein gravitational equations 
and integral equations with applications to controlling of ecologically industrial sys- 
tems. All of these discussions provide new viewpoint for mathematical elements, 


i.e., mathematical combinatorics. 


For terminologies and notations not mentioned in this section, we follow ref- 
erences [1] for functional analysis, [3] and [7] for topological graphs, [4] for linear 
spaces, [8]-[9], [21]-[22] for Smarandache multi-systems, [3], [20] and [23] for differ- 


ential equations. 


§2. G-Flow Spaces 


2.1 Existence 


Definition 2.1 Let VY be a Banach space. A family V of vectors v © V is conser- 


Siv=0, 


veV 


vative if 


called a conservative family. 


Let VY be a Banach space over a field ¥ with a basis {a1, Q2,--+,Qaimy}. Then, 
for v € V there are scalars x], ¥,---,2Yimy € A such that 


dimVY 


v= y see's 


i=1 


Consequently, 


implies that 


for integers 1 <i < dimY. 
Conversely, if 
Slay =0, 1<i<dimy, 
veV 


define 


dimV 
v= y eS et; 
j=1 


and V = {v', 1<i<dim¥}. Clearly, > v = 0, i.e., V is a family of conservation 
veV 
vectors. Whence, if denoted by zY = (v, a;) for Vv € V, we therefore get a condition 


on families of conservation in V following. 


4 


Theorem 2.2 Let V be a Banach space with a basis {a1,Q2,+-++,Qaimy}. Then, a 
vector family V C V is conservation if and only if 


S- (v,a;) =0 


veEeV 


for integers 1<i<dimY. 


For example, let V = {v1, V2, v3, Va} C R? with 


Wei), w=, 1-4), 
v3 =(1,-1,-1), v4 = (—1,-1,-1) 


Then it is a conservation family of vectors in R°. 


Clearly, a conservation flow consists of conservation families. The following 


result establishes its inverse. 


L 
Theorem 2.3 A G-flow G exists on G if and only if there are conservation 


families L(v) in a Banach space V associated an index set V with 
L(v) = {L(v") € V for someue V} 


such that L(v“) = —L(u”) and 


Proof Notice that 


for Vu € V (2) implies 


L(v") = - Loy. 
weNa(v)\{u} 
Whence, if there is an index set V associated conservation families L(v) with 
L(v) = {L(v") € ¥ for some u € V} 
for Vu € V such that L(v") = —L(u”) and L(v) (1) (—L(u)) = L(v") or @, define a 
topological graph fel by 


V (c) =V and X (Z) = Ut, w|Z(0") E L(v)} 


vEV 
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E 
with an orientation v — wu on its each arcs. Then, it is clear that G’ isa G-flow 
by definition. 


Conversely, if Ga” isa G-flow, let 
L(v) = {L(v") € ¥ for V(v, u) 6X ()} 


for Vv € V (2). Then, it is also clear that Liv), vu € V (¢) are conservation 
families associated with an index set V = V (¢) such that L(v,u) = —L(u,v) and 


L(v") if (v,wex(G 


=) (| Pees 0 if(,uZexX re 


by definition. 


Theorems 2.2 and 2.3 enables one to get the following result. 


Corollary 2.4 There are always existing G-flows on a topological graph G with 
weights Av forv € V, particularly, \ea; onVe © X (¢) if|X (¢)| Pala (¢) +1. 


Proof Let e = (u,v) € X (2). By Theorems 2.2 and 2.3, for an integer 


1<i<dimY, sucha G-flow exists if and only if the system of linear equations 


Ss" A(v,u) =0, veE V (¢) 


ne) 


we 
xX (Z)| = lv (Z)| + 1, such a system is indeed solvable 


is solvable. However, if 


by linear algebra. 


2.2 G-Flow Spaces 


Define 
Ie ]= SS ei 
wuwjex(G) 


for VG € c. where ||Z(u")|| is the norm of F(u”) in ¥. Then 
(1) Kea > 0 and Kea = 0 if and only if Ci CG 20. 


(2) |e" = |e" | for any scalar €. 
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) |e" =f (ems & |e" =f |e" | because of 
sali slr @ a 
Jor +7} = SO aw) + Lew] 
ae 
‘i eo a 
< YO lkwyii+ IZ2(u")|| = ||E""|| + ie 
(ujex(G) (u,v)EX me 
Whence, || - || is a norm on linear space rele 


Furthermore, if Y is an inner space with inner product (-,-), define 


(GG°y= SY ilu’), Lalw")). 


ex(G) 
Then we know that 
(4) (Gs G*) = (L(u’), L(u”)) > 0 and (a, Ga") = 0 if and only 


Ee X(G) 
a a") = (a, a \ for ee Cae € a because of 
(GG) = YS (hw), bw) = SY Teac 
(u,v)EX (c) (u,v)EX (@) 


=> Le a 


= > (bW),hw) = (2,4 
(ujex(G@) 


1 V 
(6) For a: G" “Ge” eel , there is 


because of 
sul. 3L 


(ag + yG",G") = (eo TONG aa ) 
= (ALi (u") + uLo(u"), L(u")) 


Yo Ala(u’), Lu’) +S eLa(u"), L(u’)) 
(un)ex(G) (uw)ex(@) 
(Oty (a0 


sl, 3L sl2 3L 


= MG Go) +n(G <G ). 


v 
Thus, Gis an inner space also and as the usual, let 


lel yee2 


L v 
for G € G . Then it is a normed space. Furthermore, we know the following 


result. 


v 
Theorem 2.5 For any topological graph GC. G isa Banach space, and furthermore, 
V 
if V is a Hilbert space, G is a Hilbert space also. 


v 
Proof As shown in the previous, G isa linear normed space or inner space if 
Y is an inner space. We show that it is also complete, i.e., any Cauchy sequence in 
v Be v 
Gis converges. In fact, let {G \ be a Cauchy sequence in G >. Thus for any 


number ¢ > 0, there always exists an integer N(¢) such that 


a “eo 
<eé 


if n,m > N(e). By definition, 


|Z (a?) = Lalu”) < | 


a a" 
jer - a | <e 
i.e., {Ln(u”)} is also a Cauchy sequence for V(u, v) € X (¢), which is converges on 
in V by definition. 
Let L(u”) = lim L,(u”) for V(u,v) € X (@). Then it is clear that 
sIn = L 


limG =G. 


n—- oo 


L v 
However, we are needed to show Gee «: By definition, 


S> Ln(u’) = 0 


ve Na@(u) 


for Vu € V (2) and integers n > 1. Let n — oo on its both sides. Then 


He OS es ea) 


veNg(u) vENg(u) 
= Ss Ea) S00. 
veENg(u) 
v 
Thus, G: eee) 


L 3 
Similarly, two conservation G-flows G* and G” are said to be orthogonal if 
L L 
(G 3 C ‘) = 0. The following result characterizes those of orthogonal pairs of 
conservation G-flows. 


sl, —=L2 =v 


Theorem 2.6 let G ,G €G . Then er is orthogonal to GC? if and only if 
(L1(u”), Le(u”)) = 0 for V(u,v) € X (2). 


=> 


Proof Clearly, if (Li(u”), Lo(u’)) = 0 for V(u, v) € X (¢), then, 


(G™,G°\= SO Eilu’), Lalu") =0, 


i.e., e- is orthogonal to a 
Conversely, if CG is indeed orthogonal to ae then 
(G°.G™ y= YS Gilu’), La(w")) = 0 
(u,v)EX (G) 


by definition. We therefore know that (Li(u"), Lo(u’)) = 0 for V(u,v) € X (2) 
because of (L,(u”), Lo(u’)) > 0. 


Theorem 2.7 Let V be a Hilbert space with an orthogonal decomposition V = 
V @V°* for a closed subspace V C V. Then there is a decomposition 


Ga’ =Vevt, 


where, 


E v 
1.e., for VG eC , there is a uniquely decomposition 


with Ly : x (@) = and Ly: X (G) + vi. 


Proof By definition, L(u’) € V for V(u,v) € X (c). Thus, there is a decom- 
position 
L(u®) = Ly(u") + Lo(u") 


with uniquely determined Lj(u”) € V but Lo(u”) € Vt. 
Let |e] and kal be two labeled graphs on G with Iy: X1 (2) — V 


and Lp: X1 (¢) — V+. We need to show that |e" | , |e] € (G, v In fact, 


the conservation laws show that 


S> Lu”) =0, te, S > (Ly(u®) + Lo(u”)) =0 


veNg(u) ve Na(u) 


for Vu € V (2). Consequently, 


S- Ey(u’) + Ss" Lo(u’) = 0. 


ve Na(u) ve Na(u) 
Whence, 
_ ( ee a te) 

ve Ng(u) vEeNg(u vENg(u) vENg(u) 

= Iy(u’), nur) h+( S> Leu’), So ra) 
vENg(u) 2s veENa(u ) veENa( ) 

a ( Ly (u"), a ny+{ S- ee S- ne) 
ve Na(u) eo veNa(u ve Na(u) 

= Iy(u"), nu) Ee Lu"), >) re) 
vENg(u) De, veENa(u veENg(u) 

+ So (La(u® yt SOL u’)) 


veNg(u) ve Ng(u) 


II 
a ~~ 
a 
& 
= 
i 
5 
M 
ee 
& 
ee 
+ 
a ~~ 
bs 
‘a 
M 
‘Ss 
& 
ee 


Notice that 


S> tiu’), So tue)) 20, S> Lalu’), So taut) } 20 


veNg(u) veNg(u) ve Ng (u) veNg(u) 


We therefore get that 


>. be, Ss. nur) }= ( S> Lalu’), So ru) )=0 


vENG(u) vENG(u) ve Ng (u) ve Ng (u) 
1.5 
S- [,(u”) =0 and ys D2(u’) = 0. 
ve Na(u) ve N@(u) 
= Li = Le =v . 
Thus, IG : IG €G_. This completes the proof. 


2.3 Solvable G-Flow Spaces 


Let G’ be a G-flow. If for Vu € V (2), all flows L(v"),u € N&(v) \ {ug} are 


determined by equations 
F, ( L(v"); L(w’), we Ng (v)) =0 


unless L(v"°), such a G-flow is called solvable, and L(v“°) the co-flow at vertex v. 


For example, a solvable G-flow is shown in Fig.3. 


Fig.3 


A G-flow @” is linear if each L (v"") ,ut € N&(v) \ {ug } is determined by 


7 (v**) = S- a,-L (u") ; 


u-ENG (v) 


1 


with scalars a,- € F for Vu € V (2) unless LD (owe } and is ordinary or partial 


differential if L (v“) is determined by ordinary differential equations 


by (a Lacs n) (Lew): (u-") ,u ENG (v)) =0 
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or 


be (5 Page n) (Lv) Z (u-") ,u E NG (v)) =0 


O 
unless L (v"° ) for Vu € v(@), where, L, (1 <i<n), Ly (qitsi<n) 


denote an ordinary or partial differential operators, respectively. 

E 
Theorem 2.8 For a strong-connected graph fen there exist linear G -flows rel , not 
all flows being zero on G. 


Proof Notice that G is strong-connected. There must be a decomposition 


*-(UeJu(Ur) 


where Ce Tt are respectively directed circuit or path in G with m, > 1,m2 > 0. 


=> k 
For an integer 1 < k < my, let Cy, = uruk . ue and L (uf) = vz, where 


i+1 = (mods). Similarly, for integers 1 < j7 < mg, if re = wiw)---wi, let 
L (wit) = 0. Clearly, the conservation law hold at Vu € V (2) by definition, 


and each flow L Ca , 1+ 1 = (mods;,) is linear determined by 


Bar) Eien) oes a ae 


j#i vEeNG, (uf) J=1 vENZ (uk) 


wi tory, S- 0 = vy. 


J=1 veNnz (u*) 
j 


N 


m 


is Ge ) 


Thus, G is a linear solvable G-flow and not all flows being zero on G. 


All G-flows constructed in Theorem 2.8 can be also replaced by vectors depen- 
dent on the time t¢, i.e., v(t). Thus, if there is a vertex v € V (¢) with p-(v) > 2 


and pt(v) > 2, ie., v is in at least 2 directed circuits Ge CO: let flows on C and C” 


be respectively x and f(x, t). We then know the conservation laws hold for vertices 


12 


in [ex and there are indeed flows on G determined by ordinary differential equations 


similar to Theorem 2.8. 


Theorem 2.9 Let G be a strong-connected graph. If there exists a vertex v € 
V (¢) with p~(v) > 2 and pt(v) > 2 then there exist ordinary differential G -flows 


L 
G , not all flows being zero on (eu 


For example, the G-flow shown in Fig.4 is an ordinary differential G-flow in a 
vector space if x = f(x,t) is solvable with x|:<1, = Xo. 


f(x, t) 


Similarly, let x = (41, 2,---,2%n). If 
Dy = 2;(t, 81, $2, +, 8n=1) 
U= u(t, $1, 52,°°", Sn—1) 


Pi = Di(t, $1, S2,--*, Sn—1), 2=1,2,---,n 


is a solution of system 


dz, dx aLp, du 
Fn Eps Fon Yi; Di 
1=1 
= ee a | ae 
with initial values 
Lig = ig (31, 52,77", 8n-1), Uo = uo(S1, S2,° 7", sna) 
Pio = Pin(S1, S2,°**, Sn—1); 1=1,2,---,n 
such that 
F (Zi, 295° 755 Ung, U; Plo, P295°°* (Bie) = 0 
Ouo = On 
Shee igo a. — Ys ea a | eer 
Os; 202 ‘ Os; 


then it is the solution of Cauchy problem 


F(21, £2,°°+,2n,U; D1, P2,°**,Pn) = 0 
Dis = Wig Si5 895° 85 Spi) Us = Wal Sig sae? Sat) 
Dig = Dal Sig Soe ** Sal), TS 12h 


O OF 
where p; = = and k,. = ap, for integers 1 <i <n. 


Similarly, for partial differential equations of second order, the solutions of 


Cauchy problem on heat or wave equations 


Ou ayn Pu Pu _ pyr ou 

ig a2 ot? Ox? 

Ot aR Ole. 3 =1 ay 

uli=o = 9 (x) ulio = P(X), > = p (x) 

Ot | 19 
are respectively known 
1 Ame (yey)? t+ (en —yn)” 
u(x, t) = (ans / e at p(y, ° : -,Yn)dy.- --dYn 


for heat equation and 


a{ 1 : 
u (11, 22,03, t) = Di \. deat [vas + Trai [vas 


Sat Sat 
for wave equations in n = 3, where S™ denotes the sphere centered at M (2x1, x2, 3) 
with radius at. The following result on partial G_-flows is known similar to that of 


Theorem 2.8. 


Theorem 2.10 Let G be a strong-connected graph. If there exists a verter v € 
V (¢) with p~(v) > 2 and pt(v) > 2 then there exist partial differential G -flows 


‘3 
G , not all flows being zero on iG. 


§3. Operators on G-Flow Spaces 


3.1 Linear Continuous Operators 


Definition 3.1 Let T € @ be an operator on Banach space V over a field F. An 


operator 'T : G > rele is bounded if 
Ik@ hl <e] 
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E v 
for VG’ eG witha constant € € |0,00) and furthermore, is a contractor if 


teenie) 


forvG" .G" © @” with € € (0,1). 


}<¢| 


|e" -G a” 


) 


V v 
Theorem 3.2 LetT: G — G be a contractor. Then there is a uniquely 
if v 
conservation G-flow G’ eG such that 


r(e)=e" 


Proof Let e* € G be a G-flow. Define a sequence {a} by 


a - a 
@ S2(G") =e"), 


In). . v : : 
We prove {G \ is a Cauchy sequence in @ . Notice that T is a contractor. 


For any integer m > 1, we know that 


jet" - 2] -|n(@)-2(@") 


2 ne fe Fi i ae i ss 
Go 
= cat er Sali => Lo 
~ Jaé ro 
n—-1 
< — x jer -e"| for Qe 6 <1. 


slIn 


Lm 
Consequently, IG —G 


Ln 
— Oifm — oo, n > co. So the sequence {G \ 


is a Cauchy sequence and converges to G ’. Similar to the proof of Theorem 2.5, we 


rs v 
know it is a G-flow, i-e., G° eG . Notice that 


[=n I) Sie =e ls lene | 
s|e-er]+ele™"- 2] 


Let m — oo. For 0 < € < 1, we therefore get that |c" —T (c") | =U2i6, 
T(G) =". 

For the uniqueness, if there is an another conservation G-flow G2 
holding with TG") = G", by 


[ere es Ree (C- )Sa|eee 


o) 


e L 
it can be only happened in the case of G’=G@ for0< ae 


V an ; 
— G its linear if 


T(AG" + ya) = As (c") + pT (c*) 


sli Sle SV 


forVG ,G° €G anddA,p € F, and is continuous at a rel -flow G a there 
always exist a number d(€) for Ve > 0 such that 


[pene 


The following result reveals the relation between conceptions of linear continu- 


Definition 3.3. An operator T : rel 


lee ae ee 


(€). 


ous with that of linear bounded. 


v v 
Theorem 3.4 An operator T : G = G is linear continuous if and only af it as 
bounded. 


Proof If T is bounded, then 
[tT )-t@)] = [Fe -e")| se - 2") 
for an constant € € |0,00) and va", Ge € em . Whence, if 


Kea zane 


<6(e) with 4d(e) = = ae ay 
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then there must be 
|n(@-2") 


i.e., T is linear continuous on G_ . However, this is obvious for € = 0. 


ee 


Ln 
Now if T is linear continuous but unbounded, there exists a sequence {G \ 


y 
in G such that 


jez ele 
Let 
Gee eee! x a, 
| 
Then |e" a - — 0, ie., IT (G") | — 0 ifn — oo. However, by definition 
* ao 
[7(e*)I = | say I 
rel, 
ae ae 


a contradiction. Thus, T must be bounded. 


The following result is a generalization of the representation theorem of Fréchet 
v v 
and Riesz on linear continuous functionals, i.e., T : G> = Con G-flow space res ‘ 


where C is the complex field. 


v 
Theorem 3.5 Let T: G = C be a linear continuous functional. Then there is a 


t(@’) = (a'.a") 


E v 
unique G’€G@ such that 


sav 


forvVG' eG 
Proof Define a closed subset of @: by 


N(T) = rem c a | T (c") zs 0} 


Le 


for the linear continuous functional T. If 4”(T) = iG. ie., T (c") = 0 for 


ve" € e. choose G =O. We then easily obtain the identity 
r(')=(@.0"). 
Whence, we assume that V(T) 4 rea In this case, there is an orthogonal decom- 
position 
GQ’ =N(T) 6 V*(T) 
with ”(T) 4 {O} and W+(T) 4 {O}. 
Choose a G-flow @” € N+(T) with ec # O and define 
— L* —=L > Lo = Lo 25 
GANG )yero( ale) e 
for VG" € em Calculation shows that 


2(2")~(2(@")) 2(@")- (@(")) 2(@") = 


i.e., G ; € W(T). We therefore get that 


Notice that (a a ) = je" | # 0. We find that 
> T @° ala > r Ge > 
n(@) ~ Tah (ohat) ~ (a Ren) 
Let 7 
at _ i ) ge - a 
G 
T(G =L aL SL 
where \ = . We consequently get tha = 
here cal Wi tly get that TG”) (2 a") 
G 
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Now if there is another G~ € a” such that T (c") = (a'.a") for 
va" € rei there must be (a G — @ ) = 0) by definition. Particularly, let 


(ex = rem — G: . We know that 
|er-a"|-(a"-a". a -a") =o, 
which implies that Ga — em = O, ie., G" = reg : 
3.2 Differential and Integral Operators 
Let Y be Hilbert space consisting of measurable functions f (21, 22,---,2%p) on a set 


Rat = (hy Waxes) CR la; Se SO Sa oy, 


i.e., the functional space L*[A], with inner product 
(F(x), 909) = f Foeala)ex for fl), 960) € L410 


v 
and G its G-extension on a topological graph G. The differential operator and 


integral operators 


v 
on Gare respectively defined by 


ne =e (u®) 
and 
| a = f Kaya = Gia Reo 
ie Ge _ [ Rave M1 gy = Gla ROME ivldy 
A 


for V(u, v) )ex(G ; where aj, oH € CA) for integers 1 <i,7 < nand K(x,y) : 
AxA>CeL(A whee 


K(x, y)dxdy < oo. 
AxA 
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Such integral operators are usually called adjoint for / = | by K (x,y) = 
A A 


1 Le 


K (x,y). Clearly, for rom ,G € G@” and A, WE F, 


. ( yaw) +o”) = (Cla, _ GP Oa (u")+uta(u")) 


_ GPW )+DULaw’)) _ DOLW") | HDUuLalw’)) 


25 eux ii ere.) Des (ca) 4D (ua) 
for V(u,v) € X (¢), i.e., 
D Cea re wa”) =\pe° 2pe 
Similarly, we know also that 

Qa +uG*) =f ee +n f Ge. 
os ded = 

ii (Xen + 4G") = | Ge" +n eo 

A A A 


ar y 
Thus, operators D, i; and / are al linear on G. 
A A 


P<} mee 1 DX 1 
: : 
b(t) 


_ gee ee 
| P<} . ™ A 
Poul 


b(t) 
Fig.5 


For example, let f(t) =t, g(t) =e’, K(t,r) =t? +7? for A = [0,1] and let a 
be the G'-flow shown on the left in Fig.6. Then, we know that Df = 1, Dg =e, 


[ Kens =f RC rs (rar = | (P47?) rdr = 547 =a), 
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1 1 
| K(t,7)g ind =f R K(t,7)g mdr = | (t? + 77) e’dr 
0 0 


oa 


and the actions Dae i 


ie a ie 
G’ and ‘l G” are shown on the right in Fig.5. 
[0,1] [0,1] 


v 
Furthermore, we know that both of them are injections on G*. 


Theorem 3.6 D: feuguemereus and f G —G 
A 


E y b i 
Proof For VG €@ , we are needed to show that DG and | Gee ; 
A 
i.e., the conservation laws 


S$" DL(u") =0 and ee 


vENg (u) véNG(u) 


hold with Vu € V (c). However, because of Gort € C. there must be 
S- L(u”) =0 for Vue V (2) ; 
ve Na(u) 
we immediately know that 
0= 3. LGA) b=: So DEW) 
veNg(u) ve Ng(u) 


and 


of (x40) fo 


veENg(u) vENg(u) 


for Vu € V (Z). 


84. G-Flow Solutions of Equations 


As we mentioned, all G-solutions of non-solvable systems on algebraic, ordinary or 
partial differential equations determined in [13]-[19] are in fact G-flows. We show 
there are also G-flow solutions for solvable equations, which implies that the G-flow 


solutions are fundamental for equations. 


Pall 


4.1 Linear Equations 


Let V be a field (.F;+,-). We can further define 
ea A Ge = Ge 


with L, - Lo(u”) = Ly(u’) - Lo(u’) for V(u,v) € X (Z). Then it can be verified 
easily that Ge is also a field (c: +. 0) with a subfield F isomorphic to ¥ if the 


conservation laws is not emphasized, where 


Gee |Z (u”) is constant in F for V(u,v) € X (c) I 


> > 
F E(G F nl|E(G 
Clearly, ew Z| ( dh Thus |e" =D | ( )| if |F| = p", where pisa 
prime number. For this -¥-extension on i. the linear equation 


aX = a 
a~! Z 
is uniquely solvable for X = Ge * in eg if0 Aa e€F. Particularly, if one views 
an element b€ ¥ asb=G if L(u’) = 6 for (u,v) € X (¢) and 0 4a € F, then 
an algebraic equation 
ax =b 


: . en ee : Sab : 
in FY also is an equation in G_ with a solution 7 = G such as those shown in 


Fig.6 for €= Ge a = 3, b= 5 following. 


5 
3 
5 5 
3 3 
3 
Fig.6 
Let [Lis] nen be @ matrix with entries L;;: u” > VY. Denoted by [Li]... (u”) 


the matrix [L;; (u")],,,,- Then, a general result on G-flow solutions of linear systems 


is known following. 
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Theorem 4.1 A linear system (LES) of equations 


L 
41X14 + A12X9 AinXn = G . 
Go 
ay X1 + A22X9 AanXn = (LES") 
ted Bacted eae Sa bath tee elasxened leas ate 


a v 
with ayy € C and G E G for integers 1 <i<n and1<j<™m is solvable for 
V 
eG , L<i<m z¢f and only if 


rank [a;;],,,., = rank Cre (u”) 


for V(u,v) € G, where 


Qy1 12 **' Qin Ly 
+ — | G21 G22 *** Gan Ly 

[aij ]mx(n41) — 
AGm1 Am2 ‘°° Amn Lig 


Proof Let X; = @’™ with Lz, (u’) € V on (u,v) € X (2) for integers 
1<i<n. For V(u,v) € X (¢), the system (LE‘S”) appears as a common linear 


system 


By linear algebra, such a system is solvable if and only if ({4]) 
rank [4ij) n,n) = rank lass) pax(ntt) (u") 


for V(u,v) € el 


Labeling the semi-arc u” respectively by solutions L,, (u”), Le, (u”), +++, Le, (u’) 
x x Lon 
for V(u,v) € X (2), we get labeled graphs a s a Span Go". We prove that 


x © mn V 
CG (ae ee ., 
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Let rank |a;;] =r. Similar to that of linear algebra, we are easily know that 


mxn 


ay => 
Ag= Dl ORG Hip A jay oo Cin 
4=1 
ja = CHG + Corsi X jy, $+ ConX jn 


lI 
mn 


— SS Cri G + Crp ri Ray +.--- Crete 
i=1 


Ly, Le, V 
where {71,-°-, jn} = {1,---,n}. Whence, if e Dagon EG , then 
Stal) = SD Sedat 
veENG(u) veNg(u) t=1 
i ye Cortiba, , ( (u) + =P ye Con L ae 
veENg(u) veENg(u) 
= Dota |, 2 ae) 
i=1 vENG(u) 
+02 p41 S- Lay, (u”) + ~+ Con ys Lies, (w”) =0 
ve Na(u) ve Nau) 


Whence, the system (LES") is solvable in rei 


The following result is an immediate conclusion of Theorem 4.1. 


Corollary 4.2 A linear system of equations 


4121 + Ay2%o +++ + Ain®n = by 


2121 + Ag2%2 ++ +++ Gontn = be 


Am1L1 + Ame%g + +++ + Amntn = Oi, 


with ajj,b; € F for integers 1 <i<n,1 <j <m holding with 


rank [aj,],,,, = rank [ail ax (nda) 


has G-flow solutions on infinitely many topological graphs G@: 


Let the operator D and A C R” be the same as in Subsection 3.2. We consider 


v 
differential equations in e following. 
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v 
Theorem 4.3 For VG’ eG , the Cauchy problem on differential equation 


DE = Cr 


x L 
is uniquely solvable prescribed with G beneath Gy 


Proof For V(u,v) € X (2), denoted by F'(u”) the flow on the semi-arc u”. 
Then the differential equation DG* = G” transforms into a linear partial differential 


equation 


on the semi-arc u”. By assumption, a; € C°(A) and L(u’) € L?[A}, which 
implies that there is a uniquely solution F’(u”) with initial value Lo (u’) by the 
characteristic theory of partial differential equation of first order. In fact, let 
0; (@1,%2,°++,%n, Ff), 1 < i <n be the n independent first integrals of its char- 
acteristic equations. Then 


F (u”) = F’ (u”) — Lo (a), 22°, 241) € D(A], 


n-1 


where, 7}, 25,---,2),_, and F” are determined by system of equations 
: ee 
Q1 (x1, U2,°°*,Un—-1, 0p, F) — om 
: = 
o>) (21; %2,° °°, Un-1,Uy, F') — my 


Clearly, 


Di SY) F@)|= D> DFWw)= So Lu’) =0. 


veNG(u) veNe(u) veNe(u) 


Notice that 


So F(u’) = S© Lou’) =0. 


ve NG(u) ae ve NG (u) 
We therefore know that 
Ss) F(u’) =0. 
veENG(u) 
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F v 
G €G for the equation 


G 


xX 
Thus, we get a uniquely solution (Gi 


DE = G" 
prescribed with initial data Gr len=oh S Go 
We know that the Cauchy problem on heat equation 
Ot On 
R”, c a non-zero 


is solvable in R” x R if u(x, to) = y(x) is continuous and bounded in 
V 
R. For re €G@ in Subsection 3.2, if we define 


constant in 
OG _ Gh l<i<n, 


=L 
OG — on 
——=G and Dn, 


ot 


v 
then we can also consider the Cauchy problem in G , Le., 


gz 


with initial values X|,—;,, and know the result following. 
R, the Cauchy problems 


L! y 
Theorem 4.4 ForVG € G and a non-zero constant c in 


on differential equations 
OX 

= Ce 

Ot 

1=1 

Late Sh tees = L' SV av. : : 

with initial value X|124, = G €G is solvablein G if L'(u”) is continuous and 
bounded in R” for V(u,v) € X (2). 

G), the Cauchy problem on the semi-arc u” appears as 


Proof For (u,v) € X ( 


OU ayn Ou 
Ot — da} 


F 
. According to the theory of partial 


with initial value u|j-9 = L’ (u”) (x) if X = re 


differential equations, we know that 
L' (u”) (41, ears) Yn)dy1 7 -dYn- 


(@1-y1)2+--+(en-yn)? 
At 


F (u”) (x,t) = coe / 
26 


Labeling the semi-arc u” by F' (u”) (x,t) for V(u, v) € X (¢), we get a labeled 
graph G on G. We prove a € G. 

By assumption, ce E ree i.e., for Vu € V (¢), 

Yo E(u") &) 


ve Na(u) 


= 0, 


we know that 


So F(u’) (x,t) 
(wy —y1)? +-+(@n—yn)? 4 
at L! (u?) (Y1s+ ++) Yn) dyn + dYn 


vENg(u) 
>of. 
= a eC 
ve Na(u) (4zt) ? J—oo 
1 POO ey a2 enn? 
/ oe 1-Y1 + y S- Vie (u”) (y1, Me 
veENg(u) 


—oo 


+00 2 2 
(eq = corltn—yn 
[. 1-91) ane yn) (0) dy, a dyn 9 


Yn) | dyr-+- dyn 


a 


~ (dnt)? 
. G and 


for Vu € V (2). Therefore, CG 
“PX 


VV. . ay 
is solvable in G 


with initial value X|;2, = G €G 
Similarly, we can also get a result on Cauchy problem on 3-dimensional wave 


R, the Cauchy problems 


. RY ; 

equation in G following. 
V 

and a non-zero constant c in 


Theorem 4.5 neve EG 


on differential equations 
OX gf OPX OX in oO 
Oe On; Ona a8 
with initial value X|1=1) = G” © @” is solwable in @ if L' (u”) is continuous and 
bounded in R” for V(u,v) € X (2). 
x,y), the two subspaces %,W* C L?[A] are deter- 


For an integral kernel K(x, y 


mined by 
Wx fox eal) [ Ky o(y)dy = of )} 
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NX = {60 JE LIA All | Kove y)dy = 9} 


Then we know the result following. 


Theorem 4.6 For VG" € a if dim. VY = 0, then the integral equation 
a*- [a*- 
A 
is solvable in Gia with V = L?{A] if and only if 
(a.d"\=0, ver 
Proof For V(u,v) € X (2) 
-| Gi =Gt and (G,G"\=0, vere 
A 
on the semi-are u” respectively appear as 
j-f K (x,y) F (y) dy = L(u’) [x] 
if X (u”) = F(x) and 
| E(w) XL (u”) [x]dx = 0 for VG" ey". 
A 


Applying Hilbert and Schmidt’s theorem ({20]) on integral equation, we know 


the integral equation 
if K (x,y) F (y) dy = L(u*) [x] 
is solvable in L?[A] if and only if 
[ Te TPL (uw) bxjax = 0 


for VG € W*. Thus, there are functions F(x) € L?[A] hold for the integral 


equation 


x)— f Koay) Fl y) dy = L(u”) [x] 
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for V(u,v) € X (¢) in this case. 
For Vu € V G), it is clear that 


Y (Fwyel- {Kar wybl)= Lee) =0 


veNg(u) ve N@(u) 


oN 


which implies that, 


i Ky) ( SD rap) = SD Fy pd. 
A veNg(u) veNg(u) 


Thus, 
S- F (u’) [x] € %. 


veENg(u) 


However, if dim.V = 0, there must be 


> Fu’) XJ =0 


veENg(u) 


for Vu € V (2), i.e., en € a”. Whence, if dim. VY = 0, the integral equation 
a*- | a =o" 
A 
is solvable in G@ with ¥ = L?{A] if and only if 


(a; a”) =i). Ve ed 


This completes the proof. 


Theorem 4.7 Let the integral kernel K(x,y): Ax A— Ce L?(A x A) be given 
with 
|K(x,y)|?dxdy >0, dim.¥ =0 and K(x,y) = K(x,y) 
AxA 
for almost all (x,y) € Ax A. Then there is a finite or countably infinite system 
G-flows {a"} Cc L?(A,C) with associate real numbers {A;},-1 5... C R such 
i=1,2,-- 2, 


that the integral equations 


| K(x,y)@ ay =r6 
A 
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hold with integers i = 1,2,---, and furthermore, 


|Ai] > [Ag] >--->0 and lim \; = 0. 


Proof Notice that the integral equations 


| K(x,y)G ay = xG 
A 


is appeared as 
[ Res y)ts (uw) byldy = ts (w") 


on (u,v) € X (@). By the spectral theorem of Hilbert and Schmidt ([20]), there 
is indeed a finite or countably system of functions {L; (w”) [x] }iz12.... hold with this 


integral equation, and furthermore, 


al S Dl SSO atk Tin Ag: 


1— CO 


Similar to the proof of Theorem 4.5, if dim.Y = 0, we know that 


S° L;(u’) [x] =0 


ve Na@(u) 


Ly V : 
for Vu € V (2), i.e., GEG tor integers 7 = 1,2,---. 


4.2 Non-linear Equations 


If G is strong-connected with a special structure, we can get a general result on 


G-solutions of equations, including non-linear equations following. 


Theorem 4.8 I[f the topological graph G is strong-connected with circuit decompo- 


sition 


such that L(u”) = L; (x) for V(u,v) € X (ci), 1<i<l and the Cauchy problem 


F; (Ogi ge Ue ese) = 0 
Ulxo = L;(x) 
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is solvable in a Hilbert space V on domain A C R” for integers 1 <i <1, then the 
Cauchy problem 
Fi (Ry XM Xe Margy et) = 0 
an Cia 


sav 


such that L (u”) = L;(x) for V(u,v) € X (c.) is solvable for X € G 


Proof Let X = Go with Lux) (u”) = u(x) for (u,v) € X (2). Notice that 
the Cauchy problem 


F; (CONG ha? Se Oe, Creer ) = 0 
Lol =G" 


then appears as 
F; (Ol hes, 61, Ugny Usyaes** ‘) = 
Uses — L(x) 


on the semi-are u” for (u,v) € X (2), which is solvable by assumption. Whence, 


there exists solution u (wu) (x) holding with 


F; (ea ot Sate tines es) = 0 
Ulxy = Li(x) 


Let G’"™ bea labeling on G with u(u’) (x) on uw” for V(u,v) € X (2). We 
show that @“” € @”. Notice that 
i 
g-(z, 
i=l 


and all flows on C; is the same, ie., the solution u (u’) (x). Clearly, it is holden 


with conservation on each vertex in GC: for integers 1 <7 <1. We therefore know 


that 
S- Digg (uy = 0; the V (2) 


ve Ng(u) 


Ly x V . 
Thus, G26 his completes the proof. 


There are many interesting conclusions on G-flow solutions of equations by 


Theorem 4.8. For example, if .¥; is nothing else but polynomials of degree n in one 


dl 


variable x, we get a conclusion following, which generalizes the fundamental theorem 


in algebra. 


Corollary 4.9(Generalized Fundamental Theorem in Algebra) Jf G is strong- 


connected with circuit decomposition 


and L;(u’) = a; € C for V(u,v) € X (c.) and integers 1 <i < l, then the 
polynomial 

POS C Sx GE 7 6Xe ei nae exe 
always has roots, i.e., Xo € @* such that F (Xo) =O if Ge #O andn>1. 


Particularly, an algebraic equation 
aye” + aor | +--+ ant + Gn = 0 


Cc 
with a, # 0 has infinite many G-flow solutions in G~ on those topological graphs 
l 
i=1 
Notice that Theorem 4.8 enables one to get G-flow solutions both on those 
linear and non-linear equations in physics. For example, we know the spherical 


solution 
1 


[a 28 
r 


dr? — r?(d@ + sin? 0d¢”) 


ds? = f(t) (1 - 1) dt? — 
‘4 
for the Einstein’s gravitational equations ({9]) 
i 
RM — <Rg” = —8xGT™ 


wih SS he ee Rao GSO. la 0m (gs, a 8a eo 


2.08 x 10-*8em—!-g~!-s?. By Theorem 4.8, we get their G-flow solutions following. 
Corollary 4.10 The Einstein’s gravitational equations 


1 
RM — <Rgl” = —8nGT™, 


32 


o 
has infinite many G-flow solutions in G , particularly on those topological graphs 
l 


G= U G with spherical solutions of the equations on their arcs. 
i=1 


For example, let C= Ce We are easily find C y-flow solution of Einstein’s 


gravitational equations,such as those shown in Fig.7. 


UL Si 2p) 
S4 So 
U4 53 U3 
Fig.7 


where, each S; is a spherical solution 


1 
ds® = f(t) (1— =) dé — dr? — r°(a6? + sin? dg”) 


of Einstein’s gravitational equations for integers 1 <i < 4. 
As a by-product, Theorems 4.5-4.6 can be also generalized on those topological 


graphs with circuit-decomposition following. 
Corollary 4.11 Let the integral kernel K(x,y): Ax A> Ce L?(Ax A) be given 
with 
| iweayPaxty > 0, KRY = Key) 
AxA 


for almost all (x,y) € Ax A, and 


such that L(u’) = Ly (x) for V(u,v) € X (c.) and integers 1<i<l. Then, the 
integral equation 
C= | G* =G! 
A 
is solvable in a” with V = L?{A] if and only if 
(a = L' 


aa") =0, VG" EWN. 


33 


Corollary 4.12 Let the integral kernel K(x,y): Ax A> Ce L?(Ax A) be given 
with 
| \kuy)Paxay > 0, Key) = Key) 
AxA 


for almost all (x,y) € Ax A, and 
; l 
> > 
GANG. 
i=1 
such that L(u”) = Ly (x) for V(u,v) € X (2) and integers 1 <i<l. Then, 
there is a finite or countably infinite system G-flows {a"} Cc L?(A,C) with 
i=1,2,-- 
associate real numbers tas eae CR such that the integral equations 
| K(x,y)@ ay a uae 

A 


hold with integers i = 1,2,---, and furthermore, 


|Ai] > [Ag] >--->0 and lim \;=0. 
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§5. Applications to System Control 


5.1 Stability of G-Flow Solutions 
Ly x Ly x = =: 
Let X = G™ and Xo = G@ 82 te respectively solutions of 


PN Nias Pee, Noe Mei gery) 0 


= 1, 


on the initial values X |x, = @’ or Klee ait @” with ¥ = L?{A], the Hilbert 
space. The G-flow solution X is said to be stable if there exists a number d(e) for 
any number ¢ > 0 such that 


Flpux) 


|X1 — X2|| = |e —G <e€ 


if 


By definition, 


Flux Flux) 
G -—G 


= 2 fun (u”) (x) = u (u®) (x)II. 
(ujex(G) 


Clearly, if these G-flow solutions X are stable, then 


Jen (uw) (&K) — uu”) KIS SO fur (wu) %) — u(u”) (KI < 
(ujex(G) 


[Zi(u")-—Lu)< SS [Lr (wu) — Lu") < 6€€), 
(ujex(G) 


i.e., u(u”) (x) is stable on u” for (u,v) € X (Z). 
Conversely, if wu (u”) (x) is stable on u” for (u,v) € X (c), i.e., for any number 
e/e (¢) > 0 there always is a number 6(e) (u”) such that 


Ile (u") (x) — u (u") OXI] < Say 


where ¢€ (2) is the number of arcs of G and 


5(e) = min {d(e) (u’) |(u,v) © X (¢) \ 


Whence, we get the result following. 


35 


Theorem 5.1 Let V be the Hilbert space L?[A]. The G-flow solution X of equation 


F (x, ae, Ce i re, Cae Ce =) = 0 
eae 


in a” is stable if and only if the solution u(x) (u”) of equation 


=L 


F (36 U, Ug, °°) Uan, Urixes** ‘) = 0 
tiie = 3G 


is stable on the semi-arc u” for V(u,v) © X (c). 


This conclusion enables one to find stable G-flow solutions of equations. For ex- 
ample, we know that the stability of trivial solution y = O of an ordinary differential 
equation dy 7 

dx 
with constant coefficients, is dependent on the number y = max{ReA: A € o[A]} 
([23]), ie., it is stable if and only if y < 0, or y = 0 but m’(A) = m(A) for all 


eigenvalues A with ReA = 0, where o[A] is the set of eigenvalue of the matrix [A], 


[Aly 


m(A) the multiplicity and m’(X) the dimension of corresponding eigenspace of A. 


Corollary 5.2 Let [A] be a matrix with all eigenvalues X < 0, or y = 0 but 
m'(X) = m(A) for all eigenvalues X with ReA = 0. Then the solution X = O of 


differential equation 
dX 
= [A|X 


im HI 
is stable in GC. where G is such a topological graph that there are G-flows hold 


with the equation. 


For example, the G-flow shown in Fig.8 following 
M1 g(x) V2 


is a G-flow solution of the differential equation 


cx a 5 +6X =0 
with f(z) = Cye7* + Cie-** and g(x) = Cye-** + Che-**, where C), C} and C2, C}, 
are constants. 
Similarly, applying the stability of solutions of wave equations, heat equations 


and elliptic equations, the conclusion following is known by Theorem 5.1. 


Corollary 5.3 Let V be the Hilbert space L?{A]. Then, the G-flow solutions X of 


equations following 


Or xX a. (= =) =L 


ot dx? | Oxe) 

oa - Greene), oa 12 Greene.) Slivie Zz Galea 22) 
dt |, 

PX 20X _ at PX OK Oe 

ae ° Oxy and Ox? * Ax2 * O22 

le = Ghoti ea) Xiba = Gi hater22.23) 


V 
are stable in G , where G is such a topological graph that there are G -flows hold 


with these equations. 


5.2 Industrial System Control 


An industrial system with raw materials M,, M2,---, Mn, products (including by- 
products) P,, P2,-++, Pm but w1, we,-++,ws wastes after a produce process, such as 
those shown in Fig.9 following, 


XY Y1 


i.e., an input-output system, where, 


(Y1, Y2,°**s Ym) =F (a5 095 5 Eq) 


determined by differential equations, called the production function and constrained 


with the conservation law of matter, i.e., 


So yi + So wi = Ste 
i=1 i=1 i=1 


Notice that such an industrial system is an opened system in general, which 
can be transferred into a closed one by letting the nature as an additional cell, i.e., 
all materials comes from and all wastes resolves by the nature, a classical one on 
human beings with the nature. However, the resolvability of nature is very limited. 
Such a classical system finally resulted in the environmental pollution accompanied 
with the developed production of human beings. 

Different from those of classical industrial systems, an ecologically industrial 
system is a recycling system ([24]), i.e., all outputs of one of its subsystem, including 
products, by-products provide the inputs of other subsystems and all wastes are 
disposed harmless to the nature. Clearly, such a system is nothing else but a G-flow 
because it is holding with conservation laws on each vertex in a topological graph (ee 
where G is determined by the technological process for products, wastes disposal 
and recycle, and can be characterized by differential equations in Banach space Ga. 
Whence, we can determine such a system by @* with Dy: u” > u(u’) (t,x) for 


(u,v) EX (c), or ordinary differential equations 


—Lo dk Xx S11 dk-1X Tee 
G —+G Be a Gh ee eG 
ae ot k-1 
Relea = Goro), ax = Gane, ee, ae = Gree) 
dt |,_4, dt ai 
for an integer k > 1, or a partial differential equation 
Got ee 6 Oe eo aS 
ot ; Oxy OL 
paper = ral u(x) 


i. 
and characterize its stability by Theorem 5.1, where, the coefficients ie ,1>0 are 


determined by the technological process of production. 
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